ON LATTICES OF MAXIMAL INDEX TWO
ANNE-MARIE BERGE

ABSTRACT. The maximal index of a Euclidean lattice L of dimen-
sion n is the maximal index of the sublattices of L spanned by n
independent minimal vectors of L. In this paper, we prove that
a perfect lattice of maximal index two which is not provided by a
cross-section has dimension at most 5.

1. INTRODUCTION

Korkine and Zolotareff proved that an n-dimensional lattice contain-
ing at least @ pairs +x of minimal vectors, and spanned by any
subset of n independent minimal vectors, is similar to the root lattice
A,

Here we consider in an n-dimensional Euclidean space E well rounded
lattices, i.e. lattices L the minimal vectors of which span E. To such a
lattice L, Martinet attached some invariants related to the sublattices
M of L generated by n independant minimal vectors of L, in particular
the set of possible indices [L : M|, and for a given sublattice M, the
group structure of the quotient L/M.

The mazimal index of L is :

max[L : M],
M

where M runs through sublattices of L spanned by n independent min-
imal vectors of L. (Korkine-Zolotareff’s result deals with lattices of
maximal index 1.)

In this paper, we consider lattices with maximal index 2. For such
lattices, the notion of length introduced in [M] can be defined as follows:

The length ¢ < n of a lattice L of maximal index 2 is the minimal
cardinality |X| of a set X of independent minimal vectors of L such
that > .2 =0 mod 2L.

Up to dimension 7, there are six perfect lattices with maximal in-
dex 2: in Conway-Sloane’s notation (see [C-S| p. 56), P/ and P}
have length ¢ = 4, while P2, P, P¢ and P3* have length ¢ = 5. In
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dimension 8, a computation by Batut and Martinet based on the clas-
sification result by Dutour-Schiirmann-Vallentin (see [D-S-V]) showed
that no 8-dimensional perfect lattice has maximal index 2.

In [M], Martinet conjectured that a perfect lattice of mazimal in-
dex 2, generated by its minimal vectors, has dimension at most 7.

In the present work, we prove this conjecture in the case ¢ = n.

Theorem 1.1. A lattice of dimension n > 6, of maximal index 2 and
length ¢ = n, has less than n(ntl) pairs £x of minimal vectors, and in

2
particular is not perfect.

Actually, we shall obtain in 8.1 an asymptotic bound

- 2n?
S [
- 9

for the number s of pairs of minimal vectors much smaller than the
(lower) perfection bound ”72

2. NOTATION

Let L be a lattice of dimension n > 6, maximal index 2 and length n.
Let S = S(L) and s(L) = &QL)' denote the set and number of pairs +z
of minimal vectors of L.

Let Ly C L be a sublattice of index 2 generated by n independent
minimal vectors ey, . .. e, of L. We have L = (Lq, €), where, by possibly
reducing e modulo Ly, and using the definition of the length, we may
prescribe
ert---tey

5 .

The hypotheses on the maximal index and the length of L imply that
the minimal vectors of Lg are just the 4¢;, and that the other possible
minimal vectors of L are of the form

tei e x---£e,
2

(See [M], Proposition 2.1.) In order to prove Theorem 1.1, we may and
shall assume that s(L) > n+1, and in particular, by negating some e; if
necessary, we shall suppose e itself minimal (unless otherwise specified
in Section 3). The next sections are devoted to the other minimal
vectors x € S(L)N\S(Lyp), that we represent by their set I of minus

signs:
r=x;y=e— E €; .

iel
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We call type of x the number |I| of minus signs in the expression of
x (e is of type 0). Of course the types of x and —z add to n, therefore
by possibly negating = we shall suppose |I| < %, and if |I| = % we shall
prescribe 1 € I. [The index set I associated to the minimal Vector x, and
a fortiori its type, depend on the choice of e € L\ Ly.|

The following notation is relative to a given set of r > 3 minimal

vectors xy1, s, ..., x, in L\ Ly identified to their index sets I, Is, ... I,
n
xk—xlk—e—Ze“ I G {1,...,n}, |Ik]§§.
i€l

We denote by
m=|UgI| (m<n)

the number of indices involved in the expression of the x;. Actually,
we may and shall suppose that

UL ={12,....m}.
k

For : = 1,...,n we call weight of i the number w(i) = 0,...,r of
subsets I it belongs to; we thus have

Zxk—re—z (i)e; . (1)

=1

We also introduce the partition of Ul = {1,...,m} into sets of indices
of given weights

Wk:{iEUka|w(i)=k‘} (1§k}§7“),
that we regroup into the sets of indices of even and odd weights

W0:W2UW4U... and W1:W1UW3....

Section 3 gives properties about the weights in families of 3, 4 or 5
minimal vectors; these results are used in Sections 4 to 7 to give an
upper bound for the number t, of minimal vectors of a given type p.

[The bounds for t1, to and t; + t2 given in Sections 3 and 4 were ob-
tained by Martinet and the author while giving a classification of the six-
dimensional perfect lattices based on their maximal index, work previously
done by Baranovskii and Ryshkov in [B-R].]

Section 8 concludes by an estimation of the “kissing number” s(L) =
n+to+ti+---+tn) of L (tg = 1) strictly smaller than the dimension

n(ntl) +1) of the space of lattices.
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3. PROPERTIES OF A SET OF MINIMAL VECTORS

3.1. Minimal vectors of type 1. The following property derives
from the hypothesis “no n independent vectors of L span a sublattice
of index 3 of L” and does not suppose e minimal.

Proposition 3.1. Suppose n > 5. Then there exist at most four min-
imal vectors of the form e — e; (i.e. t1 < 4).

Proof. Let x; = e—e;, 1 =1,...,5 be five minimal vectors of type 1 of
L; using (1) we obtain

n

sz Zei:5e—26i:3e;

=6 =1
Clearly the n vectors x4, ..., x5, €, . . . , €, are linearly independent, and
generate a sublattice L’ of index 3 in L, a contradiction. U

3.2. Weights in a set of minimal vectors. These properties of a
set of r = 3,4 or 5 minimal vectors of the form z;, = e — Zielk e; make
essential use of the assumption that £ = n, i.e. that any set X C S(L)
of independent minimal vectors satisfying a congruence ) .y x =0

mod 2L has cardinality | X| = n. We first focus on the case r = 4, and
here again e is not supposed to be minimal.

Lemma 3.2. If every set Iy, I, I3 and 14 contains at least one index of
weight 1, then this index is unique, and there is no index of weight 3.

Proof . From (1) follows

Zxk + Z e =re— Z w(i)e; — Z (w(i) — 1)e;

1EWo 1EWL 1EWo
=4e — E e —3 E
1E€EW1UW2 1EW3UWy
=4e — E e — 2 E
1€eW3UWy

where Y " e; =2e — Y " | e; and thus we obtain

Zx;ﬁ—Zez iei:2e—2x,

1EWo i=m-+1
with x = ZiEW3UW4 e; € L. Thus the set

X ={x1,x9, 23,24} U{ej;i e Wpori >m+ 1}
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of minimal vectors of L (which does not include the vector e) satisfies
the congruence

4 n
Zxk—l—Zei—i- Z e; =0 mod 2L .
k=1

1€EWo i=m+1

I[ts cardinality is
|X| :4+|W0]+(n—m) Zn—(|W1\—4)—‘W3|

where |W;| > 4 since for k = 1,...,4, Wi N I # 0. To complete the
proof of the lemma, it remains to prove that X is free. Suppose

4
Z A + Z pie; =0 (2)
k=1

1EWoU{m+1,...,n}

where the Ay, p; are real numbers. Fix k € {1,...,4}; by assumption,
there exists iy, € I of weight 1, hence belonging to no other I;,. With

respect to the basis ey,..., e, for E the coefficient a;, of the left hand

side of (2) on the corresponding e;, reads a;, = ngh — k. Its vanishing

implies that the Az have a common value A satisfying 2\ = A, hence
A = 0. Now (2) reduces t0 > ey upmr1, .y ti€i = 0, and all p; are
zero. The set X is free, which completes the proof. O

From now on, we suppose that e is a minimal vector of L.

Proposition 3.3. If every I, 1 < k < r, contains at least one index
of weight 1, and if moreover when r = 3 there is an index of weight 3,
then r 1s equal to 3 or 4, the index of weight 1 in every Iy is uniquely
determined, and for r = 3 (resp. 4) we have |Ws| = 1 (resp. |W3| =
(Wil =0).

Proof. The case r > 5 follows from the case r = 4 and Proposition 3.1.

(a) Case r = 3. By assumption, there exists an index of weight
3, say 1 € I NI, N I5. We change e; into €f = —e; and e into
e =e—e = m (not necessarily minimal), and we consider
the four minimal vectors xg = e, x1, 2o and x3 which, relatively to ¢,
read zj, = € — Zie% e; with I} = {1}, and I}, = I} \ {1} for £k =1,2,3.
The weights w(i) and w'(7) of an index i relative to the sets ([y, I, I3)
and (1§, I1, I}, I}) coincide, except for i = 1: w(1l) = 3 and w'(1) = 1.
Thus the four minimal vectors x;, 0 < ¢ < 3 satisfy the hypotheses of
Lemma 3.2: there is no index ¢ > 2 of weight 3, and the indices of
weight 1 in [y, I5, I3 are uniquely determined, as announced.

(b) Case r = 4. It remains to prove that Wy = (). Otherwise, any
subset of three I; should satisfy the hypotheses of (a), hence |W,| =
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1, and by considering convenient ones we should obtain |Ws| = 0 (if
Wy N I NIy # (), we consider the subset {1, I3, I4}, where I3 has too
many indices of weight one). Since by the lemma we already know
that |W;| = 4 and |W3| = 0, every I; should contain just one index of
weight 1, say i, and one index of weight 4, say 1: the x; are of the
form x, = e — e; — e;,, where the ¢, > 2 are pairwise distinct. By the
same substitution e; — €} = —ey, e — €’ = e—ey, (€’ is not necessarily
minimal), we obtain five vectors of type 1, namely xg = ¢’ — ¢} and the
four z, = €’ — e;,, a contradiction with Proposition 3.1.

]

Application 3.4. e Four pairwise disjoint sets I, are singletons.

o Let g =e— ) ;. € be a minimal vector of type p = |Io| > 3, and
let A C Iy, with 1 <|A| < p—1. There exists alt most one vector x; of
type p such that I NIy = A.

We now interchange the parts of even and odd weights, and focus on
weight 2.

Proposition 3.5. Let xq,...,x, be r > 3 minimal vectors, of the form
Tp =€ — Zielk e;. For 1 <k <K <r we define the relation

I, ~ Iy <— Ikﬂfk/ﬂWQ%@.

We suppose that the graph of the relation ~ is a cycle of length r = 3
or 5, or a star of valency 3 (with r = 4).

Then the dimension n is equal to m or m+ 1, where m = || ,_, Ix|;
moreover, if n = m+ 1, then |Ws| =r (resp. r — 1 = 3) in the case of
a cycle (resp. star).

Proof. Note that the cycle (resp. star) contains r (resp. r — 1) edges,
and thus that the number |IW,| of indices of weight 2 is > r (resp.
r — 1). Since there is nothing specific to prove in the case n = m, we
shall suppose n > m + 1 and show that then all equalities about n and
|W5| hold.

We consider the set

X = {1’1,...,.237»,61' (2 € Wl),pe}

of minimal vectors, where p € {0,1} is the remainder of  modulo 2,
i.e. p =1 in the case of the cycle, and 0 in the case of the star. Using
(1) we obtain that the vectors of X add to a congruence modulo 2L:

dm+ > (wi)—-e+(A—re= > 2-w(@))e+2 Y €. (4)

i€EWL ISA%) 1=m-+1
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We now prove that the assumption n > m -+ 1 implies that X is free.
Let \p (k=1,...,7), p; (¢ € Wy), u (equal to zero in the case of the
star) be real numbers such that

Z)\kxk+ue+ Zmei:o. (5)
k=1

1EWL

Put a = M With respect to the basis (e;) Condition (5) reads:

(

G—Z)\kZO ViEWO
k“ielk
a— > Mtpm=0 Viewm (5)
k:|i€]k,
\ a=0 Vi>m+1l

Since n > m + 1, we can write Condition (5’) for i = n, and we obtain
a=0ie Y A= —p.

Now, if I, ~ [;; are adjacent, we obtain A\, = —A\, by writing
Condition (5") for some ¢ € Wy N I, N I;;. In the case of the 3-star
with node Iy, it follows Ay = A3 = A\y = —Aq, with > Ay = 0 since
@ = 0, and thus Ay = 0 for all k. In the case of the odd cycle say
(I1, 5, ..., 1), the Ay takes the values \; and \y = —\; alternatively;
since r is odd, all \; vanish again, and so do > Ay and p.

Eventually, in both cases (star or cycle), the conditions (5’) give
;i = 0 for all ¢ € Wy. Thus, when n > m + 1, the set X is free. Since
its vectors add to a congruence modulo 2L, we must have |X| = n,
where
n— |X| = (|Wa| —r) 4+ (n—m — 1) in the case of the odd cycle

(|Wa| = (r — 1)) + [Wy| + (n —m — 1) in the case of the star.

The terms between brackets in the right-hand sides are non-negative,
and since n — | X| = 0 they vanish, as stated. O

4. SETS OF MINIMAL VECTORS OF TYPE AT MOST TWO

The type 1 was dealt with in Proposition 3.1. We now focus on the
type 2, i.e. on minimal vectors of the form z = e—e;—e;, 1 <i < j < n.

Theorem 4.1. We define on the set {1,2,...,n} the relation
t=j ifandonlyif e—e —e; 15 a minimal vector.

Then, if n > 6, the graph of the relation = is a subgraph of the complete
bipartite graph with 9 edges, except for n = 6 where it can also be a
cycle of length 5.
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Proof. We discard isolated vertices. By 3.3 we know that the valencies
of the vertices are at most equal to 3, and that a disconnected graph
contains no vertex of valency 3. By Proposition 3.5, the graph of the
relation = contains no triangle (since n > 4) and no pentagon except
for n = 6. If the graph is connected (resp. disconnected), it contains
no path of length > 6 (resp. > 4) and no cycle of length > 7 (resp.
5): otherwise, we could extract four minimal vectors whose graph has 3
connected components, a contradiction with 3.3. Now we conclude that
every possible linear graph has at most 6 (non-isolated vertices) say
V ={1,2,3,4,5,6}, and that except the pentagon, they are bipartite:
we can define a partition V' = Vy U Vy, |Vy| = |Vi] = 3 such that no
two vertices in the same V) are adjacent. It remains to consider a
connected graph with at least one vertex of valency 3, say 1. Denote
by Vo = {2,4,6} the set of its adjacent vertices. By Proposition 3.3,
any other edge must be connected to this star, i.e. one of its end-points
belongs to Vp, but not the other one (triangles are forbidden). Let V;
denote the set vertices adjacent to vertices in V. It contains at most 3
vertices, as we shall now prove. If a vertex in V{, say 2, has valency 3,
exchanging the roles of the vertices 1 and 2, we see that V) is the set
of the vertices adjacent to 2, and thus |V;| = 3. If no vertex in Vj has
valency 3, distinct vertices in V; \ {1} are adjacent to distinct vertices
in V. Suppose that there are three of them, say 3, 5, 7, respectively
adjacent to 2, 4, 6. We have then four edges, namely 1 2, 3 2, 5 4 and
7 6 in three connected components, a contradiction. Thus [Vi| =3. O

Corollary 4.2. Let t; and ty be the number of minimal vectors of
types 1 and 2 respectively. Then t; +to <9, where equality holds only
if the graph of the relation = is the complete bipartite graph ((t1,t2) =
(0,9)) orif it consists of two non-adjacent nodes of valency 3 and their
common adjacent vertices ((t1,t2) = (3,6)).

Proof. Since by Proposition 3.1 we know that ¢t; < 4, we only need to
consider the graphs (in the sense of the theorem) with to > 5 edges.
We first note that if ¢ is an isolated point of the graph, e — e; cannot
be minimal: we could extract from the ¢35 > 5 edges of the graph three
disjoint ones, or two secant and a third one disjoint, which, together
with i, would contradict Proposition 3.3. We now consider the case of
a pentagon say (1,2,3,4,5,1). If there are 4 vectors of type 1, three of
them correspond to consecutive vertices, say e — ey, e — es and e — eg,
which together with e —e4 — e5, contradicts again 3.3. Thus t; < 3 and
t1 + 1ty < 8. The other graphs to consider are included in the complete
bipartite graph associated with, say, the partition {2,4,6} U {1, 3,5}.
We first consider a path of length 5, say 1—2—3—4—5—6, and suppose
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e —e; minimal (: = 1,...,6). Then ¢ = 1 is not possible, because the
four sets Iy = {1}, I, = {2,3}, Is = {4,5}, I, = {5,6} contradict
Proposition 3.3. The same argument, with I, = {1, 2} instead of {2, 3},
forbids ¢+ = 3. So the only possible values of ¢ are i = 2 and i = 5,
and t; < 2, t; +ts < 7. Now consider the cycle (1,2,3,4,5,6,1). By
considering the path 1—-2—3—4—5—6, we see that e—e; is not minimal,
and since all vertices play the same role, we conclude that ¢; = 0. This
conclusion extends to any subgraph of the complete bipartite graph
containing such a cycle, i.e. the complete graph itself, and the ones
obtained by suppressing one edge, two disjoint edges or three pairwise
disjoint edges.

One more graph with 5 edges contains no node of valency 3: the
disjoint union of a cycle of length 4, say (1,2,3,4), and a path of
length 1. Suppose e — e; minimal; the four sets I; = {1}, I, = {2, 3},
Is = {3,4}, I, = {5,6} contradict 3.3. Thus there are at most two
minimal vectors of type 1, namely e — e5 and e — eg, and t; +t5 < 7.

We are left with graphs which contain at least one node of valency 3,
say 1, with adjacent vertices 2,4, 6. If e — ¢; is minimal, we must have
i€ {1,2,4,6} (otherwise, the four sets of indices {1,2}, {1,4}, {1,6}
and {7} should contains indices of weight one-respectively 2, 4, 6 and i—
but also an index of weight 3, which contradicts Proposition 3.3). Note
that the four values ¢ = 1,2,4,6 are never simultaneously possible:
since there are more than four edges, one of the vertices 2,4, 6, say 2,
has another adjacent vertix, say 3. Then if e — e;, e — ¢4, € — g Were
minimal vectors, the sets {1}, {4}, {6} and {2,3} would contradict
Proposition 3.3. We then have t; < 3, which completes the case t, = 5.

If there are, in the graph we consider, two adjacent nodes of valency
3, say 1 and 2, the only possible minimal vectors of type 1 are thus
e — ey and e — ey. In particular, the graph of ¢t; = 7 edges obtained by
suppression from the complete bipartite graph two secant edges, say
3 — 2 and 3 — 4 contains three nodes of valency 3, namely 1, 5 and 6,
where 6 is adjacent to 1 and 5. The unique minimal vector of type 1
is thus e — eg, and t; + to < 8. This completes the case t5 = 7.

We are left with 3 non-isomorphic graphs with 6 edges. If it is
obtained by suppressing (from the complete graph) the three edges
of a path of length 3, it contains two adjacent nodes of valency 3,
and t; < 2, as announced. The same conclusion is valid for the graph
obtained by suppression of three edges, two of them secant, for instance
4—5,5—06 and 2 — 3. The resulting graph contains the disjoint union
of the cycle (14361) with the edge 2—5, and we have seen that the only
possible minimal vectors are e — e; and e — e5, and again t; < 2. But
for the graph obtained by suppressing three secant edges, say 5 — 2,
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5—4 and 5 — 6, it contains two non-adjacent nodes, and it is consistent
with ¢; = 3 minimal vectors of type 1, namely e — e, € — €4, € — €.
The proof of the corollary is now complete. O

5. CONFIGURATIONS OF THREE VECTORS OF TYPE p > 3

The graph we consider is that of the relation ~ introduced in Propo-
sition 3.5: I, ~ Iy if Iy N I contains an index of weight 2.

Proposition 5.1. Let 71 = e — ), .; €, Ta = € — ) 1 €, T3 =
e— Zielg e; be three vectors of the same type p > 3. We suppose that
W3 = NIy is not empty. Then, if (p,n) # (4,8), one at least of the sets
Iy, I and I3 has no index of weight one, and the ~-graph is a path.

Proof. For all k =1,2,3 we put a; = |[W7 N Ii|, by = Wa N, I, and
c = |Ws|. We have p = |Ii| = a, + (|Wa| — b)) + ¢, and thus the aj, — by
have a common value p — |Ws| — c.

e Suppose first a; > 1 for all k. Then by Proposition 3.3, we have
a; = ag = az = ¢ = 1. Thus, the by have a common value |W5|/3, where
2(Ws| = 3p — [Wi| — 3|Ws| = 3p — 6; p is even, |Wy| = 222 and the
by = ’%2 are non-zero. We conclude that the ~-graph is a cycle, and by
Proposition 3.5 we must have n < m+1, where m = Y |[W;| = $p+ 1.
The unique solution for the inequalities 2p < n < %p +2is p = 4,
n=_a.

e Now we suppose a; = 0, and thus p = by + b3 + ¢. Since |[; N 5| =
bs + ¢ is < p, by is non-zero, and so is b3. From |W)| = by +p —c¢
follow 3p —m = |[Ws| + 2|Ws5| = by +p+ c and m = 2p — ¢ — by. If the
graph were a cycle, i.e. if by > 1, we should obtain m < 2p — 2 (since
¢ = |Ws| > 1), and thus m + 1 < 2p, a contradiction with Proposition
3.5. We conclude that the graph is the path I, ~ I} ~ I3. O

Corollary 5.2. We suppose (p,n) # (4,8), and we consider three dis-
tinct minimal vectors xy = xy,,x = x5 and ' = xp of the same type
p > 3 such that I and I' both intersect Iy. We put
I=AUX with A=INnl, X=I\A,
I'=AuX with A=InNnl, X =I-A.

Then:

(i) The ~-graph (I,1',1y) is a cycle if and only if AN A" =0 and
XNX #£0.

(i1) If A and A’ satisfy an inclusion, so do X and X'.

(111) If A and A’ satisfy no inclusion and if (1,1, 1y) is not a cycle,
then X and X' are disjoint; if moreover AN A" # 0, then Iy = AU A’,
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Proof. The sets of indices of weight one in I, I and I’ are respectively
In\ (AUA"), X\ X" and X'\ X; the sets of indices of weight two in
IonI, Iyn1I"and I N1I" are respectively A\ A’, A’\ A and X N X’;
eventually the set W3 of indices of weight three is AN A’.

(i) We see directly that (I,1’,1y) is a cycle if and only if A and A’
satisfy no inclusion and X and X' intersect. From Hypothesis (p,n) #
(4,8), Proposition 5.1 shows that it can only happen when AN A’ = ().

(ii) Assume A" C A. Then W3 = A’ is not empty. From Proposition
5.1, one at least of the sets I, I’ and I, contains no index of weight
one. Since Iy \ (AU A") = Iy \ A is not empty (since I # I, have
the same cardinality), X and X’ satisfy an inclusion, namely X C X’
(since |A| + | X| = |A| +|X'| = p). In particular, if A = A’, we have
X C X'and | X| = |X'], thus X = X" and I =T'.

(iii) Now we assume that A and A’ satisfy no inclusion, i.e. I ~ I
and I' ~ 1. As already noted in (i), we must have I = [’ i.e. XNX' =
(). If moreover AN A’ # (), by Proposition 5.1 one at least of the sets
Winl=X,WiNnIlI'=X"ad WyNIy=1\ (AU A’) is empty, thus
Iy=AUA. O

The end of the section is devoted to the special case (p,n) = (4, 8).
Proposition 5.3. If n =8, then t4 < 6.

Proof. Indeed, since n = 2p we may and shall assume that all index
sets contain 1. Let Iy = {1,2,3,4} be one of them; from 3.4 we know
that there is at most one I # I, for a given I N Iy. Let I be such that
|I N Iy| = 3. For instance, put I; = {1,2,3,5}, and let I, = {1,2,4,a},
with a € {5,6,7,8}. Actually, if a = 5, the configuration {/y, I, I>}
is a cycle in the sense of 3.5, which is absurd since n = 8 > 5 +
1. Thus for instance I = {1,2,4,6} and similarly I3 = {1,3,4,7}.
Now, let z; be a minimal vector such that |[I N [y] = 1, ie. [ =
{1,a,b,c}, with {a,b,c} C {5,6,7,8}. Actually, by Proposition 3.3 we
must have {a, b, c} = {5,6,7}. Otherwise, if for instance 5 ¢ {a,b, c},
the configuration {Iy, I1, I} would contain too many indices of weight 1.
Now we have I ~ I for k = 1,2,3 and the configuration {Iy, I5, I3, I'}
contradicts Proposition 3.5 (n = 8,m =7, |W3| = 6 > 3). We conclude
that there are at most 3 minimal vectors z; such that |I N Iy| = 1 or
3. Now, we shall prove that there are at most 2 minimal vectors z;
such that |I N Iy| = 2. Otherwise, let I = {1,2} U X, I’ = {1,3} U X’
and I” = {1,4} U X" be three solutions (X, X’ and X" subsets of
{5,6,7,8}). In their configuration (I,I’,I"), 2, 3 and 4 have weight 1,
and by 5.1 the elements of X, X’ and X” must have weight # 1,3, i.e.
they have weight 2, wich leads (up to permutation) to I = {1,2,5,6},



12 ANNE-MARIE BERGE

I'={1,3,6,7} and I” = {1,4,5,7}. Now the configuration Iy, I, I’, I”
satisfies the hypotheses of Proposition 3.5, with m = 7 and n = 8, but
|W3| = 6, a contradiction. O

Taking into account Proposition 5.3, we discard in the next sections
the case (p,n) = (4,8).

6. FAMILIES WITHOUT CYCLES OF LENGTH 3

Theorem 6.1. Let {x;,] € F} be a set of minimal vectors of the same
type p > 3, such that F contains no cycles of length 3.

If p>4 andn > 2p+2, then |F| < p+6.

Ifp>4 andn=2p+1, orp=3 andn > 8, then |F| <p+5.

If (p,n) = (3,7), then |F| < 7.

If p>3,p#4 and n = 2p, then |F| < p+ 1.

[Note that the bound p + 6 is indeed reached, as checked for (p,n) =
(4,10, (5,12),... ]

The whole section is devoted to the proof of this theorem. We first
consider the case when all elements of F intersect a given one, which
includes the case p = %, since then we may prescribe that all I contain
a given index.

Proposition 6.2. We suppose that there exists Iy € F such that for
diTeF, TN+ 0.
Ifp>4 (resp. p=3) andn >2p+ 1, then |F| < p+3 (resp. 5);
if p >3 and n = 2p, then |F| <p+ 1.

Proof. For I € F, we write
I=AUX, with A=INl#0and X =1\ A.

From 3.4 it follows that [ is uniquely specified by A (or equivalently
by X). We shall now describe the set

foz{lm[(),IGJT}

in one-to-one correspondence with F, and prove that it consists of one
or two totally ordered sequences, except in the following case.

Lemma 6.3. Let | = AUX, I' = AUX and I” = A” U X" be
three elements of F ~ {Ip} such that A, A" and A” satisfy no pairwise
inclusions. Then |F| = 4.

Proof of the lemma. From Corollary 5.2 we see that the sets X, X’
and X" are pairwise disjoint. First, we prove that A, A’ and A” are

pairwise disjoint. Otherwise suppose for instance AN A’ # (), and thus,
by Corollary 5.2, Iy = AUA’, i.e. [y~ A C A’; since A” is not included
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in A’, it is no more included in Iy~ A i.e. A”NA # (); and of course we
also have A” N A" # (. In the configuration {I,I’,I”}, the indices in
X, X’ and X’ have weight one, thus by Proposition 5.1 INI'NI" =,
so that the indices in AN A", AN A” and AN A” have weight 2, and
{I,I',I"} is a cycle, a contradiction: A, A" and A” are pairwise disjoint
as announced. Now in the configuration {1, I’, I, Iy}, the sets of weight
onein I, I, I” and I are respectively equal to X # 0, X' £ (0, X” £
and Ip~ (AUA'UA”). If this last set were not empty, we should obtain
from Proposition 3.3 | X| = |X'| = | X”| = [[)N(AUA'UA")| = 1, thus
|JAUA'UA”| =3(p—1) =p—1,ie p=1,absurd. So [j = AUA'UA”
is a partition of Iy. Let J = B UY be another element of F. Then
B = J NI satisfies an inclusion with at most one of the sets A, A’, A”
(since these sets are mutually disjoint, and so are their complements
X, X" and X”). Thus B satisfies no inclusion with at least two among
A, A, A7 say Aand A’. Thus I = AU A’ U B is a partition of Iy, and
B = A”, a contradiction. Thus F = {I,, I, I',I"}. O

It 7o = {I N1y, i€ F}is a totally ordered family, we have |Fy| =
|F| < |Iy]| = p, and Proposition 6.2 is proved. The same conclusion
holds in the situation of Lemma 6.3. We therefore consider in F

I=AUX and J=BUY suchthat AZB and A 2 B,

and may suppose that for any K = CU Z € F, C € F, satisfies an
inclusion with A or B, or equivalently (by 5.2), Z satisfies an inclusion
with X or Y, which are disjoint. If Z satisfies an inclusion with both X
and Y, ie. if Z D X UY, then by Proposition 5.1 applied to {I, J, K}
(since the indices of C' # () have weight 3, and those of ANB # ) and
B~ A # () have weight 1), Z coincides with X UY, and C' with AN B.

Now choose a pair (A, B) with |A| and |B| minimal: if C # AN B
satisfies an inclusion with A (resp. B), it contains A (resp. B). [If
C ¢ A, from the minimality of the pair (A, B), C satisfies an inclusion
with B too, and we just saw that C = AN B.] Thus, apart from Iy and
(possibly) AN B, Fy is union of two disjoint sets

A:{C€fo|ACCglo} and B:{CEfO | BCC;[()}

These sets are totally ordered by inclusion, as we now prove. Consider
for instance in F two distinct elements K = CU Z € F and K' =
C'uZ' e FwithC D> Aand C'" D A, ie. by 5.2, Z and Z' included in
X. Thus Z and Z’ are disjoint from Y, and by 5.2 again, B satisfies
no inclusion with C' or C”. Since |F| > 5, Lemma 6.3 implies that C'
and C” satisfy an inclusion: the set A is totally ordered by inclusion,
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and so is B. We then have
Al <p—|A] and [B] <p—|B|.

We have to consider two cases:

case AN B # 0, in particular n = 2p. It follows from Corollary 5.2
that [y = AU B and then |A|+ |B| =p+|AN B| > p+ 1. It implies
|A| +|B|] < 2p —|A| — absB < p — 1, and taking into account I, and
ANB, F=Fy <p+1 as required.

case AN B = (). We then have Fy = {Ip} U. AU B, where A and B
are totally ordered sequences A = A; C Ay C --- C Ax C [y and B =
By C By C -+ C By, C Iy (every pair (A;, B;) without inclusion),with
for instance 1 < k < h < p—1. We then have |F| < 1+ h+ k. If
k = 1, we obtain |F| < p + 1, and Proposition 6.2 is proved in this
case. The same conclusion holds if A < 2, for instance if p = 3, since
then we obtain |F| < 5. We thus suppose h > 3 and k£ > 2. and
consider the four elements of F corresponding to A, B, A3 and B,
say = AUX, J=BUY, I3 = A3U X3 and Jy, = B, UY,, with X
and Y disjoint and X3 C X and Yy C Y. Their respective subsets of
weight 1 are X\ X3 # 0, Y\Y3 # 0, A3~(A U By) and By~ (43 U B).
If A3 N By were empty, we should have |A3\(A U By)| = |A3~A| > 2
and |By\(A3UB| = |BoN\B| > 1, a contradiction with Proposition 3.3.
Thus A3 N By is not empty, and from 5.2, it follows that |As| + | Ba| >
p+1. Now from h = |A| <2+ (p—A3) and k < 1+ (p— Bs) we obtain
F <44 2p—(|As| +|B2|) < p+ 3 as required. O

We know that (for p > 1), the family F contains at most three
pairwise disjoint elements. We examine now this case.

Proposition 6.4. If F contains three pairwise disjoint elements, then
F <p+3.

Proof. This will follow from the more precise result 6.5, for which we
need some more notation.

Let Iy, I, I3 be three elements of F pairwise disjoint. For every I € F
distinct from the I; we consider the partition I = A; U Ay U A3 U X,
where A; = I'NI;. Actually, X is empty. Otherwise, we could apply
Proposition 3.5 to the subset {I, I, I3, I} € F*, whose sets of indices
of weight one [; \ A;,5 = 1,2,3 and X should have just one element,
and [ should have p = 3(p—1)+1 elements, i.e. p = 1, a contradiction.
We thus have

]:A1UA2UA3, WhereAj:IﬂIj.
We introduce the following subsets of F:
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For i = 1,2,3, F; is the set of I € F with only A; non-empty. We
have just proved that F; = {I,}.

For 1 <14 < j < 3, Fj; is the set of I € F with only A; and A;
non-empty.

Eventually, Fio3 is the set of I € F intersecting I, I, and I3.

Lemma 6.5. The four subsets F;; and Fia3 are empty but one. We
have |Fij| <p—1 and |Fras| < 3.

Proof of 6.5. We may suppose that |F| > 5. Let I # I’ be two
elements of F distinct from Iy, I5, I3. There exists ¢ € {1,2,3} such
that both A; and A} are non-empty, for instance we suppose A; and
A non-empty, and we are in the situation described by Corollary 5.2
with 7 in the role of I,. We have to consider two cases.

Case 1. A} € A;. Then by 5.2 we have Ay U A3 C A, U A5, ie.
Ay C AL and Ay C AL, As [ is distinct from I;, A, for instance is
non-empty, and so is A,. Then by 5.2, the inclusion Ay C AY implies
now A} C As, and thus A3 = A%. Since [ and I’ are distinct, from 3.4
we conclude that As and A} are empty, i.e. that I and I’ both lie in
flg.

Case 2. Ay and A satisfy no inclusion. Then by 5.2 Ay U A3 and
A, U A are disjoint, i.e Ay N Ay = A3 N Ay = (0. Then I and I’ do
not belong to distinct F;;, as we now prove. If (I,1') lies in Fyp X
Fi3, Proposition 3.3, applied to the four elements I, I, I5, I3, gives
I, ~ As| = [I3 A} = 1, thus A; and A| are disjoint singletons,
and the same proposition applied to {I, I, I, I3} gives, since p > 3 (
I D Ay UA)) |As] =1 and thus |I| = p =1+ 1, a contradiction.

We may assume for instance that A, and Af are both non-empty.
Then permuting /; and I, we conclude that A; and A are disjoint two.
We then have, for i = 1,2,3, |A;| + |A]| < p. Since Y (JAi| + |4]]) =
|I| + I'| = 2p, we have two possibilities.

1) |A1] + |AL| = |A2| + |A,] = p, and thus A3 = A, = 0: [ and I’
lie in Fj5. Note that in this case, Fis reduces to the pair I, 1’, since
I' = (I1~ A1) U (I2NAs) is uniquely determined by I.

2) Otherwise, there are at least two sums | A;|+|A%| < p, say for i = 2
and i = 3. By use of Proposition 3.3 applied to the set {I, 1’ I5, I3},
we obtain (since A; N A} = 0) |Ay| = |A]] = |[Io ~ (Ay U A))| =
|13\ (A3 U A%)| = 1; since the third sum |A;|+ |A]| = 2 is also < p, we
obtain |A;| + |A}| = p — 1 for all i. We then have p = 3, and for all 1,
A; and A} are disjoint singletons. Thus I and I’ both lie in Fjs3. [Note
that Proposition 3.5 applied to the star I, I, I, I3 shows that in this case,
n =9 or 10]
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We conclude that two distinct elements I and I’ of F belong to
the same subset F;; or Fia3, therefore only one of them is non-empty.
Moreover, the elements of Fjo3 are pairwise disjoint, thus by 3.4 there
are at most three of them. Eventually, if F;; is not empty, it consists
either of a disjoint pair (I, ([; U I;)N1), or of at most p — 1 elements
I = A; U A;, where the set {A;} is totally ordered by inclusion. This
completes the proof of 6.5 and thus of Proposition 6.4.

We now come back to the proof of Theorem 6.1. Taking into account
the result of 6.2 and 6.4, we may and will assume now that F contains
two disjoint elements, say I; and Iy, such that every I € F intersects
at least one of them.

In other terms, there is a partition 7 = F; U F, U F o, with

Fi={leF | InhL#0and INI, =0},

fQI{IGf | Iﬂ]g#@&ﬂd[ﬂ]lz@},

fLQ:{IEf | ]ﬂ]l#ﬁandlﬂlg#w}.

Since by Proposition 6.2 we know that [Fy U Fio| < p+3 (p+2
if p = 3), the proof of Theorem 6.1 will result from the following
proposition.

Proposition 6.6. We have min(|Fi|, |F2)|) < 3, where equality holds
only when n > 2p + 2.

We keep the notation I = A; U X for an element [ # [, in F;, where
Al = Iﬂ]l and X = Il AN Al, and similarly J = B2 uyY (BQ = Jﬂ]g,
Y = I, \ By) for an element J # Iy of F.

Lemma 6.7. Let [ = Ay U X be an element of Fi~{I,}. Then there
is at most one J = By UY € Fy such that Y satisfies no inclusion
with X, and this may occur only when |X| =1 (and obviously Y also
is a singleton).

Proof of the lemma. Let J = By UY € F5 be distinct from I,
such that Y ¢ X and Y 5 X. With respect to the set {Iy, 5, I, J},
the subsets of indices of weight one in [, I5, I, J are respectively are
Ii ~ Ay, Ir ~ By, X \Y and Y \ X, all of them non-empty, and by
Proposition 3.3 all of them singletons. From |A;| = |Bs| = p — 1,
follows |X| = |Y| = 1. Now, let J' = B5 UY’ be another solution
in Fy, i.e. with Y’ singleton distinct from X, and also from Y since
J" # J. The subsets of indices of weight one in Iy, I, J, J' respectively
are [; N A1 # 0, X, (B2~ By) UY, (By ~ By) UY’, the last two
subsets with p — 1 > 1 elements, which contradicts Proposition 3.3.
The solution J is unique. 0
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Proof of Proposition 6.6. For it we may and will assume that F;
contains at least two elements I = A; U X and I’ = A} U X’ distinct
from I;. We fix such a pair I, I’ and suppose for instance | X| < |X’|.
We now prove that there is in F5 at most one J = B, UY with Y
satisfying an inclusion with X.

1) First suppose that A; and A} satisfy an inclusion, for instance
A} G Ay Then with respect to the set {I,1’, J}, I and J have indices
of weight one (those of A;\ A} and B, at least). Since INI'NJ = XNY
is not empty, Proposition 5.1 implies that I’ has no index of weight one,
ie. X' € X UY. The inclusion between X and Y is thus X C Y, and
we conclude that Y contains X and X’. Now, let J' = B, UY’ be
another solution with Y satisfying an inclusion with X. Then Y and
Y’ containing X’ should intersect, thus satisfy an inclusion, and B}
and B, too. Hence we might exchange the role of the pairs (I, 1)
and (J,J'), and conclude that X and X’ must contain Y and Y”, thus
X =X'=Y'=Y, a contradiction.

2) We now suppose that A; and A} satisfy no inclusion. We may
have two types of solutions J = B, UY, with Y satisfying an inclusion
with X.

o Type I:'Y satisfies an inclusion with X' too. Then we must have
Y D XUX'since X and X' are disjoint. Actually, if Y contains strictly
X UX', we may apply Proposition 3.3 to the set {I,I’, J, I}, with sets
of indices of weight one A; N A}, AJ N Ay, L~ By and Y~ X UX’, and
conclude |By| = p — 1, thus |Y| = 1, a contradiction. Hence we have
Y = X U X', which determines entirely J in Fs.

o Type II:'Y satisfies no inclusion with X' . We know by Lemma
6.7 that such a solution is unique and implies |Y| = | X’| = 1, and thus
| X| =1 too (|X| < |X’|). More precisely since ¥ and X satisfy an
inclusion, we have Y = X = {z} and X' = {2/}, 2/ # x.

It remains to prove that we cannot have simultaneously in F5 solu-
tions of types I and II. We then suppose X = {z} and X' = {a'}, 2’ #
x, and we consider in F; an element J = By, UY of the first type, i.e.
with Y = {z,2'}, and an element of the second type J' = B, UY’
with Y" = {x}. Since Y’ C Y, we have B, C Bj. We may thus apply
the part 1) to I, J and J’ (since X satisfies an inclusion with Y'), and
conclude that X must contain Y and Y’, a contradiction.

We have then proved that in every case there is at most one element
J = By UY in F5 such that Y satisfies an inclusion with X, and by
Lemma 6.7 we obtain |Fo| <1+ 1+ 1.

In order to complete the proof of 6.6, it remains to observe that if F
contains (apart from I) two elements J = B, UY and J' = B, UY",
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then |[YUY'| > 2 (since Y # Y’ by 6.7 and 5.2) and therefore |Ujcx1| >
L]+ || +2=2p+2.
U

7. FAMILIES WITH CYCLES OF LENGTH 3

Theorem 7.1. Let {x;,I € F} be a set of minimal vectors of the same
type |I| = p > 3. We suppose that F contains a cycle of length 3, and
that (p,n) # (4,8). Then

(1) the dimension n of the lattice satisfies 2p+1<n <3p—2 ;
(2) we have |F| < n, and even, ifn =3p—2 andp > 4, |F| < p+2.

The section is devoted to the proof of the theorem. Let ([y, Is, I3)
be in F a fixed cycle for the relation ~. We use for this cycle the
notation and rules of Section 2. In particular Wi, C Up—1 23]} is the
set of indices of weight k, k =1,2,3, and m = |I; U I U I3].

(1) Since (p,n) # (4,8) we know by 5.1 that Wy = I; N [y, N I3 is
empty, which allows us to prescribe n > 2p + 1. We thus have

W2:E12UE23UE13 ’ EUIIZQIJ#(Z)

since I; ~ I;. From the relations m = ), |W| and 3p = >, k|Wj| we
obtain
[Wa| =3p—m;

hence |Ws| > 3 reads m < 3p— 3, and the inequality n < 3p — 2 follows
from 3.5 (n is equal to m or m + 1).

For every permutation (i, 7, k) of {1,2,3}, let

Ek = Ik\(E]m U Ek])
denote the set of indices of weight 1 in . The condition |I;| = p
reads p = |Ey| + |Eki| + |Ek;|, which implies |E;| < p — 2, and even
|Ex| = p—2if n = m+ 1. Moreover it proves that |Ej| — |E;;| does
not depend on k:
A=|Ey| - |Ey|=p—|Wo|=m—2p >0,

where equality holds when n = m + 1 and thus (since |W5| = 3 by 3.5)
(p,n) = (3,7). We thus have |Ex| > 1, with equality if and only if
(p7 n) = (37 7)'

In the following,

I:A1UA2UA3UA12UA23UA13U(Iﬂ{m+1}),

denotes an element of F distinct from Iy, Io, I3.
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The discussion below is based on the A;;, starting with the case when
they are empty.

Lemma 7.2. If I intersects no E;;, then n = m + 1 belongs to I and
(p,n) is equal to (3,7) or (4,10). In the first case there is alt most one
such I, say I = Ey U Ey U{7}; in the second case there are alt most
two of them, say I = {ay,as,a3,10} and I' = {d}, a}, a5, 10}, where
Ei = {CLZ‘7 (l;}

Proof. By assumption I is of the form I = Ay UA;UAs;U(IN{m+1})
and the condition |I| = p reads p = |A;| + |As| + |A3| + €, where
e =|INn{m+1}. From |4;| < |E;| < p— 2 it follows that at most
two A; are non-empty, say A; and Ay. Then, (I, I3, I5) is a cycle. Put
mia = |I U I; UI]. By Proposition 3.5, we must have n = mjs or
mia + 1, and thus |m — mqs| < 1, where mys —m = ¢ — |E3 \ As].

Case mis =m+1,iie. n=m+ 1, =1 and A3 = E3. By 3.5, we
have |F3| = p — 2, and thus p = |A| + |As|+ (p—2)+1 >p+ 1, a
contradiction.

Case mia =m—1,i.e. p=|A|+|As| + |Es5| — 1. But now n > m is
equal to mys + 1, and by applying 3.5 to the cycle (I, I, I5) we obtain
|A;] = |Az] = 1 and thus |E5| = p — 1, a contradiction.

Case mya = m, i.e. p = |Ay| + |Az| + |E5].

If e =0, A3 = Ej5 is non-empty, and we can interchange I, and I3;
for the cycle (I, I, I3) we can discard as above the cases m3 = m + 1,
and thus my3 = m, with again ¢ = 0, and thus Ay = F5, and similarly
Ay = E;. We conclude that p = |Ey| + |Eq| + |Es| = |Ey| + |Eo| +
|Ey2| + A = p+ A implies A = 0 and thus (p,m,n) = (3,6,7). Then
the graph of {1, I, I5, I3} is a star of centre I with six indices of weight
two, which contradicts Proposition 3.5.

We are left with the case € = 1, |A3| = |E3| — 1. Since n = m + 1,
we have, by 3.5, n = 3p — 2 and |E;| = p — 2, and thus |A3] = p — 3;
from n = mis + 1, we obtain |A;| = |Ay| = 1.

If (p,n) = (3,7), then A3 = ) and I = E; U E5 U {7}. Let I’ be
another solution of this type, for instance I’ = E; U E3U{7}. Then we
can apply Proposition 5.1 to the set {I,I', 1}, since INI'N1; = E;
is not empty. But I,I’ and I; have indices of weight one (respectively
those of Fy, F3 and FEi5), a contradiction.

If p > 4, A; is not empty and we may interchange (as above) I3 with
I, or I, and obtain |A3| = 1, which implies p = 4, and n = 10. Let
I=A1UA;UA3U{10} and I' = A} U A, U AL U {10} be two distinct
solutions, for instance As # A5. If Ay = A!, consider as above the set
{I,I' I,}. Tt has indices of weight 3 (those of A;), and also of weight
lin I (A3~ Ay = A;s), in I’ (AY) and in [; (E12U Ey3), a contradiction
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with Proposition 5.1, since (p,n) # (4,8). We conclude that for all 1,
A; is distinct from Af, i.e. since E; has two elements, A; and A} are
complementary in F;. 0

Lemma 7.3. Here we suppose that the A;; = I N E;; are not all empty.
Then

(i) m + 1 does not belong to I;

(i) there exists a pair (i,j) such that A;; = E;;, unique except for
(p,n) = (3,7), where Iy = E15 U Eag U E13 may belong to F;

(111) we have, for (i, j, k) permutation of {1,2,3},

AijZEZ'j <:)A,Ig:®7
() if A1g = Er and if ) C Ai3 C Eis, then (Ay, Ays) = (E4,0).

Proof. We suppose for instance A, # (). By Proposition 5.1, we know
that the graph of {I,I;, I} is a path (since IN I NI, = Ap # 0),
and that its vertex of valency 2 has no index of weight 1. The sets of
indices of weight one in 7, I; and I, are respectively (IN{m+1})U As,
(E1NAp) U (Ei3NAjs) and (EoNAg) U (Eg3N\Asgz). The sets of indices
of weight two in I NIy, I NIy and I} N I, are respectively A; U Ajs,
A2 U A23, and E12\A12.

First suppose Ai;s # F15. Then in the path above I; and I, are
adjacent, and one of them has valency two and thus contains no index
of weight one, the other one is not adjacent to I. Thus

(E17®7E137®) or

Q)QAlQ§E12:>(A17A2’A13’A23): (@ E,. 0. E ) ’
y L22, VW, 1923

which establishes the “existence part” of (ii), and (up to exchange of 2
and 3) the item (iv).

Suppose for instance A5 = E1o. Then, we have a path I} ~ I ~ I,
(since I; and Iy are no more adjacent), I has no index of weight one:
m + 1 does not belong to I as stated in (i), and A3 is empty, as stated
in the part = of(iii).

Conversely, suppose A3 = 0. If ) C A5 C FEj5, we obtain [ =
E,UE;3UA; C I, thus I = I, a contradiction. If A;5 = (), we may
suppose (by (ii)) for instance A3 = FEi3, and by the part = of (iii),
A2 = (Z): I= Al U A23 U E137 with Al and A23 7£ @ (Otherwise, I should
be a strict subset or I3 or I). Then, the set {I, I, I} is a cycle, with
m' = |IULL Ul =m—|E3] <m — 1. By Proposition 3.5, we must
have m’ = m—1and n = m’+1. By 3.5 again, the last equality implies
[INL|=1,ie |A;UE3] =1, a contradiction. Thus, Ajs = i, as
announced.
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It remains to discuss the “unicity” in (ii). Suppose A;s = Ejo and
A3 = E3 for instance. We then have Ay = A3 = (), and I = A;UE;,U
E13UA23, with A23 7é (D (since I ¢ [1) By (iV), we conclude A23 = E23,
since Ajs and A3 are non empty. Thus all A; are empty and I coincides
with E1s U E13 U Eas i.e. the set Wy of indices of weight 2 in the cycle
(I1, I, I3). Equaling the cardinalities we obtain p = |Ws| = 3p — m,
thus m = 2p and (p,n) = (3,7). O

Apart from the two “exotic” solutions for (p,n) = (3,7) or (4,10)
exhibited in 7.2 and 7.3, we just have proved that the set F~{I1, I, I3}
is a disjoint union of three components F, F; and F3, where F; = {I €
F,I#1,1,, 13| INE;=0}. Wenow evaluate their cardinality.

Lemma 7.4. The set fg = {I € JT,I 7é Il,IQ ‘ (Ag,Alg) = (@,Eu)}
contains at most p — |E1] — 1 elements.

Proof. Let

I:A1UA2UE12UA13UA23,
with Al, AQ, E13\A13 and E23\A23 non—empty, be an element of fg.
Its intersection By = A; U B U A3 with I; contains Ey5 thus is not
empty.

We now prove that when I runs through F3 the sequence B; = IN1
is totally ordered. Let I' = A|UASUE;,U A 3UAj, be another element
of F5. Put B} = I'Nl;, X = [1~\B; and X’ = [}~ B]. We suppose that
By and Bj satisfy no inclusion. Since they both contain Ej,, Corollary
5.2 shows that Iy = B; U B} and that X N X’ = (). In particular
we obtain Fij3 = Ajz3 U Al and Ay N A, = ). Since A;3 and A, are
distinct from FEi3, the first relation proves that there are not empty,
thus by Lemma 7.3, that A; = A] = FE;. Now we observe that the
intersections Ay U Ej9 U Agg and A4 U Eyp U Aly of I and I” with I,
satisfy no inclusion, since A; and A, are non-empty and disjoint. By
exchanging I; and I, we deduce that A; and A}, which both coincide
with E;, must be disjoint, a contradiction. We conclude (by Corollary
5.2) that B, and Bj satisfy a strict inclusion, for instance B} & By, i.e.

Al Cc Ay and Al C Ags,

equality holding in at most one inclusion. In particular, suppose A} =
Aq, then Aq3 2 A5 is not empty, and by the lemma above, 4; = Ej.
The totally ordered sequence (A;)ez contains a strictly increasing
sequence of non-empty, strict subpaces of E; (with at most |E;| — 1
terms) and of at most |Ej3| terms A; equal to F; (associated with a
strictly increasing sequence of strict subspaces A3 of Ej3). We have
then |F3| < |Ey| + |E3] — 1 = p — |E12] — 1 as announced. O
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Coming back to the proof of Theorem 7.1, we conclude that the
family F contains apart from Iy, I, I3 at most 3p —3 — |[Wa| =m — 3
non-exotic terms. The proof is complete for n < 3p — 3, i.e. n =m.

Case n = m + 1, i.e. n = 3p— 2. Since n = m + 1, the Ej;
are singletons, and their strict subspaces are empty. The elements
of F3 for instance are of the form I = A; U Ay U Fqo, with A; and
As non-empty. Actually, we have seen in the above proof that the
sequence (Aj)rer, contains at most |E3| = 1 term equal to Ej, so is
a strictly totally ordered sequence of non-empty subspaces of E;, with
at most |Ej| = p — 2 terms. Of course similar remarks are valid for
the subspaces A, of F». We now prove that if two families F; are non-
empty, one of them at least is a singleton. Let [ = A; U A; U Ej5 and
I' = A} U AL U Ey3 be elements of F3 and F, respectively. First, A,
and A} must satisfy an inclusion. Otherwise, (I, I, I’, I3, I3) should be
a cycle for the relation ~. Indeed, the sets of indices of weight 2 in
INhL, 'y, I'N s, I3 Iy and I NIy (respectively AjNAj, AJNAy,
Ag\Ag = Ag, EQg\(AQg U A/23) = Egg and AQ\AIQ = AQ), should be
all non-empty. Now, since [ UI'J; ;| = |U; I;| = m = n —1, by
3.5, the subsets above should all be singletons, in particular A, and
Aj, implying that A; and A} should contains p — 2 elements, i.e. both
coincide with Fy, a contradiction. Therefore we may suppose A} C A;.
The intersections By = A; U F15 and By = AU Ey3 of I and I’ with I
satisfy BN By = A} # 0, and thus, by Corollary 5.2, E; = A; UA], i.e.
Ay = E, which specifies uniquely I = E; U {as} U Ejp in Fs: |[F3| =1
as announced.

If F is empty, we have ||JF;| < 1+ (p—2), and F contains at most
P + 2 non-exotic elements.

Otherwise, let I” = A”9 U A”3 U Es3 be an element of F;. By
exchanging I” with I’ or I, we know that A”5 and A, on the one hand,
A”3 and A} on the other hand, must satisfy an inclusion, and that the
larger of the subsets coincides with Fy or E5 respectively. We thus have

’A2|:1:>A7’2:E2:>|A”3|:1:>A3:E3.

: U Fi contains at most 3 elements, of the form E; U{as} U Ej9, {a}}U
E3UFE) 5 and EsU{a”3}U Eayg, with uniquely determined elements a;, a!
or a’; in F;.

We conclude that || JF;| < max(3,p — 1), and thus that in the case
n = 3p — 2, F contains p + 2 (resp. 6) non-exotic elements if p > 4

(resp. p = 3).
To complete the proof of the theorem, it remains to discuss the
occurrence of the “exotic” elements when (p,n) = (3,7) or (4,10).

Actually, in both cases, an exotic element, say I, described by Lemma
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7.2 is inconsistent with an element, say J, of | JF;: there exists k =
1,2,3 such that the set {I,J, I} contradicts Proposition 5.1. So F
contains at most 6 + 1 = n (resp. 6 = p + 2) elements when p = 3
(resp. p = 4). This completes the proof of Theorem 7.1.

8. KISSING NUMBER OF A LATTICE OF INDEX 2 , MAXIMAL LENGTH

The goal of this section is to prove Theorem 1.1 by giving an explicit
upper bound for the number s of pairs £z of minimal vectors of the
lattice, bound depending on the dimension n modulo 6.

Theorem 8.1. Let L be a lattice of dimension n > 6, index 2 with
length £ = n. Bounds for the half kissing number s of L are given in
the following table.

n  mod 6 upper bound for s
0 19 ifn==6 ;(2n®+24n—45)/9 ifn > 12
1 24 ifn=7 ;(2n*+20n—13)/9 ifn > 13
2 32 ifn=8 ;(2n*+22n—25)/9 ifn > 14
3 37 ifn=9 ;(2n*+24n —54)/9 ifn >15
4 44 ifn=10 ;(2n*+20n—4)/9 ifn > 16
5 (2n% +22n —34)/9 (n > 11)
Proof. To compute the number s = @ of pairs of minimal vectors

of the lattice L, we use the following description
where S(Lg) stands for the set of minimal vectors of the lattice Ly =

(€1,€2,...,€,), and S, for the set of pairs +2 where = is a minimal

vectors of type p. Let ¢, = % denote the number of such pairs. Since
S(Lg) = {£e1,tes,--- £ e,} and Sy = {£e}, we obtain

5]
s:n+1+2tp
p=1

where we shall use of the estimations of the ¢, given in the sections
above, and the sharper one obtained for ¢; 4 ¢5 in 4.2:
1)
s<n+10+> t,.

p=3
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For p > 3, let T1 and 75 denote the bounds for ¢, given by Theorems
6.1 and 7.1. If S, may contain a cycle of length 3 ie by 7.1, if "*2 <
p < =2, we obtain for ¢, the estimation ¢, < max (7}, T3). Otherw1se
t, < Tl. Now suppose p = 2. If (p,n) = (3,7), Ty and T3 coincide
withn =7;ifp >4, T :p+2 < p+5 < Tj, and again max(T},Tz) =
T,. The bound T, is to take into account for the integers p such that
"+2 < p < = 1ie. for the elements of

n—i—31 sztnglJ-

Actually, P is empty for n = 6, n = 8 and n = 10, it contains the
type p = 3 for n = 7 only (and then 773 = T, = 7), the type p = 4
for n =9 (and then Ty = T5 = 9). Thus, for p € P and n < 10, we
have t, < T} = max(T3,T5), while for p € 73 and n > 11, we have
t, < Ty = max(Ty,Ty) (since then Ty =n > 22 +6 > p+6 > T)).

For n < 10, we sum up the bounds given by 6.1 5.3 and 4.2:

n==6:s<7+9+4=20 (bound to be improved below);

n="7s<8+9+7=24;

n=8 s<9+9+8+4+6=32;

n=9s<10+9+8+9 = 36;

n=10: s <11+9+4+8+ 10+ 6 = 44.

From now on, we suppose n > 11.

Let 37 denote the sum of the bounds Tl given by 6.1 for ¢,, 3 <p <

12): 9 =8+ 8 (p+6) —e = 2] (L) 16— ¢, withe = 1 if
n is odd, 5—51fnlseven

2 4 24n — 161 2 4 26n — 168
21:n+ ; if n is odd, len—i— ; if n is even

For p € P and n > 11 (thus p > 5), we must replace the bound 7} by
the bound 75 = n. Let Y, denote the sum of these correcting terms
To—Ty=n—(p+6) (resp. n— (p+5) for p # 25 (resp. = 21). We
have
So=Y (n—6-p)+e, withe=1if nis odd
peEP

=k(n—p1—6)—1—-2—---—(k—1)4¢, with k= (pr —p1 +1)
D1+ Dk

2

P:{p17p1+17"‘7pk} with P1= [

=(pr —p1 +1)(n — —6)+e¢

One easily checks the following expressions of this correcting term,
depending on n modulo 6.
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n 7222
=0 7n%— 114n + 432
=1|7n%— 1287+ 625
=2|7n% — 130n + 592
=3| Tn?® — 96n + 297
=4| Tn®>— 146n + 76
=5|7n% — 112n + 457

We now use the inequality s < n+ 1+ 9 + Xy + ¥y to obtain the
table of Theorem 8.1 for n > 7. Of course the bounds for s =n+>t,
obtained by bounding separately the ¢, are not optimal. This is the case
when (p,n) = (3,6): the maximal value 4 of t3 is inconsistent with the
maximal value 9 of t; +t,, which leads to the bound s < 64+1+9+3 = 19
instead of 20.

[Suppose t3 = 4. The four sets I of type 3 are, up to permutation,
L ={1,2,3}, I = {1,3,4}, Is = {1,4,5}, I, = {1,5,2}; then, no index
i €{1,2,...,6} has valency 3 for the relation “i = j if e—e; —e; is minimal”,
as we now prove. There are 3 cases to consider according as the weight of ¢
(with respect to the I;) is equal to 4, 2 or 0. First, ¢ = 1 has at most valency
2: Proposition 3.3 prevents 1 = 6, and proves that 1 = 2 is inconsistent with
1=3or1=5. For i = 2, Proposition 3.3 proves that 2 = 3 is inconsistent
with 2 = 6, and by Proposition 3.5 we see that 2 = 5 is not possible, and
that 2 = 3 is inconsistent with 2 = 1 (for instance the sets {2,1}, {2,3},
and Iy = {1,3,4} form a cycle of length 3 and m = 4 indices, impossible for
n = 6). The same argument implies that 6 = 2 is inconsistent with 6 = 3

(and 6 = 5). Thus, by Corollary 4.2, we have t; + to < 8. | U
The difference between @ and the bound for s given in 8.1 takes
the values

2,4,4,9,11,16, 19, 26, 30, 36,44, . ..
for n = 6,7,8,9,10,11,12,13,14,15,16, ..., is always positive and
monotone increasing, and asymptotic to 5n?/18 as n — oo. This com-
pletes the proof of Theorem 1.1.
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